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ABSTRACT
Linear and time-invariant signal and system models are useful in compact characterization of
acoustic transfer functions. In addition to compact representations of responses, such models
are efficient in simulating acoustic systems for sound synthesis, artificial reverberation, etc. In
this paper we propose parametric modeling techniques for room impulse responses (RIRs), insitu acoustic material measurements, and musical instrument modeling, based on ARMA
models — including Kautz filter models — which require nonlinear optimization of the parameters. Low order models are applied to surface impedance modeling, and high-order models
are used for complex responses such as RIRs and musical instruments.
INTRODUCTION
Physical modeling of acoustic systems is in practice based on numerical simulation, for example
by solving partial difference equations. Often the problem is to model the response from a point
to another so that the spatial distribution of waves is not of primary interest. This leads to using
transfer functions and signal modeling. The signal processing approach has the advantage of
being computationally highly efficient, which is important especially when real-time simulation is
needed. This is the case for example in model-based sound synthesis of musical instruments,
audio effects such as artificial reverberators, auralization of room or concert hall acoustics in
acoustics design software, or equalization of loudspeaker-room responses in audio
reproduction. In all these cases the system to be modeled can be considered being linear and
time-invariant (LTI), and in practice also stable and causal. Further cases where the signal
processing methodology is highly useful can be found in acoustic and audio measurements.
For LTI acoustic systems the impulse response or corresponding frequency response can be
measured and the task is often to find a compact parametric model to capture the essential
features of the target response. Digital filters, in the form of finite impulse response (FIR) and
infinite impulse response (IIR) filters, are powerful means of modeling target responses, both
from analysis and synthesis points of view. In analysis applications we may obtain essential
information about the measured process, such as (eigen)mode parameters of a room or a
musical instrument body. In synthesis applications a compact parametric model in the form of a
digital filter makes it possible to simulate a given system in real time.
Although LTI models are linear in input-output relationships, the solving for optimal model
parameters is not necessarily so. There are a number of parameter estimation techniques for
LTI systems [1,2]. MA (moving average) modeling leads to an FIR type filter model with ak

coefficients being zero in its z-transform, in Eq.(1) below. While MA models are easily estimated,
for reverberant and resonating systems they are not compact, computationally efficient, or
analytically interesting. AR (autoregressive) models, with only b0 being non-zero in the numerator of z-transform in Eq.(1), are able to describe recursive feedback in a system, and are also
relatively straightforward due to linearity of normal equations used to estimate filter parameters
for example in the linear predictive (LP) autocorrelation method [3]. AR models are however,
due to their minimum-phase property, limited in modeling capabilities, e.g., in modeling responses exhibiting inherent latencies in their frequency components. ARMA (autoregressive
moving average) modeling is the most general form of LTI modeling with both ak and bk non-zero
coefficients in Eq.(1), but there is no way to solve the optimal model parameters in a closed
form, and thus iterative techniques of nonlinear optimization are needed, which brings potential
problems in convergence, e.g., trapping to a local minumum not close to the global optimum.
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Nonlinear optimization of ak and bk in a general case is realized in iterative techniques such as
Prony’s method [4] or Steiglitz-McBride method [1] (both are available in the Matlab Signal
Processing Toolbox). In a more general case of (low-order) nonlinear model fitting, iterative
methods (such as Matlab function ’curvefit’) are available also for constraints in model
parameters, as is show in the surface impedance modeling case below.
In this paper we will explore cases where nonlinear optimization techniques are applied to
acoustical modeling problems. We will explore parametric modeling for room impulse responses
(RIRs), in-situ acoustic material measurements, and musical instrument modeling, based on
pole-zero models, particularly orthonormal Kautz filters. Low-order models are applied to surface
impedance case and high-order models are used for complex responses, such as RIRs and
musical instruments.
MODELING OF ROOM IMPULSE RESPONSES
Room impulse responses can be measured easily with modern computerized means, e.g., by
using maximum length sequences (MLS). In principle about 1.5 x T60, where T60 is reverberation
time, should be measured to obtain a 90 dB dynamic range, but in practice the achieved
dynamic range in often limited to 40-60 dB. Thus a small room response may contain 1000050000 samples and a concert hall may contain even more than 100000 samples for a sample
rate of 48000 Hz. The goal of AR or ARMA modeling of such a response is either to obtain
acoustically interesting parametric information or a compact filter model for a practical
application.
It turns out that it is not possible to estimate a single ARMA model for the full audio range. This
is due to problems in convergence, numerical precision, and related unstability of iterative estimation procedures. Even filter orders below 100 (P and/or N in Eq.(1)) may turn unstable and
above 300 it is seldom possible to get useful results at all. Here we first introduce ARMA
modeling based on Kautz filters instead of more traditional pole-zero modeling. Case studies of
room responses start with an example of limiting the modeling to low frequencies only. Then we
discuss frequency zooming techniques, finally carrying out a demanding concert hall case using
frequency-zooming Kautz modeling.
Kautz Functions and Models
Kautz filters [5,6] are a special class of fixed-pole IIR filters organized structurally to produce
orthonormal tap-output impulse responses. The lowest order such filters, corresponding to any
given set of desired stable poles, constitute an efficient tapped transversal structure, depicted in
Fig.1. A particular Kautz filter is defined by a set of poles zi in the unit circle and with a corresponding set of somehow assigned tap-output weights wi, Eq.(2). Because of the transversal
appearance and tap-output orthonormality, Kautz filters can be seen as a generalizations of the
FIR filter. For more details on Kautz filter formulations and aspects of audio applications, see [7].

Figure 1. The Kautz filter. For zi = 0 in Eq.(2) it degenerates to an FIR filter, for zi = a, -1<a<1, it
is a Laguerre filter where the tap filters can be replaced by a common pre-filter.
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Here we address the approximation of a given target response h(n) (or H(z)) using Kautz filters.
The filter parametrization, i.e., choosing of the filter weights wi, is done in the least-square
sense. For solving optimal values for Kautz poles zi, we have adopted a method from [8], called
here the BU-method [7]. In the following examples this estimation method is used due to its
favorable properties originating from the orthonormality of Eq.(2), although other ARMA techniques can be used also.
Modeling of Low-Frequency Response of a Room
First we apply Kautz models through the BU-method in (low-pass filtered and down-sampled)
frequency range of 0-200 Hz to an impulse response, measured in a room of size 5.5 x 6.5 x 2.7
3
m . Note the relatively long modal decay time (about 1.3 s) at low frequencies. Figure 2 depicts
the modeling accuracy both by magnitude response and by temporal envelope. A Kautz order
80 already yields a good fit and with orders >100 the result is perfect for practical purposes.
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Figure 2. Low-frequency Kautz modeling (0-200 Hz) for a room, (a) magnitude responses of
80th order model (top) and target (bottom), with lines indicating Kautz pole positions, and (b) the
decay envelope (top) compared to the target response (bottom).

Frequency-Zooming ARMA Modeling
Particularly for large rooms, such as concert halls, the required model order to capture the whole
time-frequency range of diffuse modal pattern is not within the capability of direct ARMA
modeling. There is, however, a technique to partition a measured response in the frequency
domain and do the modeling in subbands as discussed in [9]. We call this frequency-zooming

ARMA (FZ-ARMA) modeling. In FZ-ARMA we modulate a subband down in frequency, apply
low-pass filtering and decimation, and finally do ARMA modeling in this decimated sample rate
domain. This can be done band-by-band, covering the whole audio range. The obtained model
can be used as a highly efficient multirate decimated filterfank, or alternatively a composite polezero filter for the original sample rate is constructed from the subband filters. The zooming factor
Kzoom for decimation can be selected so that the filter order within each subband remains
manageable.
As a challenging case we have applied FZ-ARMA to a 700-seat concert hall, the room response
measured by an omnidirectional sound source (100-10000 Hz) at the stage and a microphone in
th
the 7 row on the main floor. The audio range was partitioned in frequency bands of 250 Hz,
and Kautz models of order around 50-300 (experimentally hand-tuned for each band) were
used. The modeling accuracy was tested visually by different time-frequency plots and by
informal listening to the original and the modeled response. The required filter order was highest
(about 300) around 500-1000 Hz, while above 5-10 kHz much lower orders are enough. Note
that from an auditory point of view even lower filter orders should yield perfect late reverberation
[10]. Figure 3 shows the waterfall plots of time-frequency behavior of the original and the
frequency-zooming Kautz modeled impulse response.

(b)

0

0
10
level/dB

level/dB

-10
-20

20
30

-30

40

-40

0

0
0.2

100
0.4
1000
frequency/Hz

0.2

100
0.4
1000

0.6

0.6
10000

0.8

time/s

frequency/Hz

10000

0.8

time/s

Figure 3: 1/3-octave waterfall time-frequency plots of original (left) and frequency-zooming Kautz
modeled concert hall response.
MODELING OF MUSICAL INSTRUMENTS
As a case of musical instrument sound, the analysis and modeling of bell sounds is explored. A
characteristic feature of bell sounds is that they are composed of an inharmonic set of partials
[11], such as the one described by magnitude spectrum in Fig.4(b). Each partial is a decaying
sinusoid that, in a closer inspection, Fig.4(c), turns out to be a pair or a group of modes very
closely located in frequency. This leads to perceptually noticeable beating. In this case the
modal group consists primarily of two modes with a frequency difference of about 2.5 Hz.
FZ-ARMA is an excellent method for analyzing the modal groups of bell sounds. Figure 4 shows
the envelope match obtained with three different FZ-ARMA orders for the 1310 Hz modal group.
The zooming factor Kzoom is 200 in each case and Steiglitz-McBride iteration was used instead
of Kautz modeling. In view (e) the orders are N = 0 and P = 4 cf. Eq.(1). Two pole pairs should in
principle be sufficient for a double mode, but this all-pole (AR) case with N = 0 does not allow
proper phase matching, and thus the overall match remains poor. For ARMA orders N = 40 and
P = 4 in (f) the relatively high number of zeros allows for excellent match with just two pole pairs.
The same can be achieved with orders N = 2 to P = 6, i.e., by adding an extra pole pair and
keeping the number of zeros minimal. For all resonances up to 10 kHz for this bell sound, filter
orders of N = 2…4 and P = 4…6 are suffcient for good modal decay matching so that a parallel
filter, composed of modal group filters with a total order of about N = 40 and P = 50, can
implement effcient and high-quality synthesis for the bell sound at a sampling rate of 22050 Hz.
Other musical instruments (guitar, piano) have been analyzed and modeled using a similar
approach, see [9].
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Figure 4. Analysis and modeling of a small bell sound: (a) recorded time-domain signal, (b)
magnitude spectrum, (c) magnitude spectrum in the modal region around 1310 Hz, (d) decay
envelope of the 1310 Hz modal group, (e) FZ-ARMA(0,4), and (f) FZ-ARMA(40,4).
MODELING OF ACOUSTIC SURFACE IMPEDANCE
As the last example, a modeling problem of different scope is discussed. Acoustic surface
impedance can be measured by different techniques. Particularly in in-situ measurements the
accuracy tends to remain poor at low frequencies and when absorption is low. By low-order
model fitting the data can be smoothed or the material can be characterized with few
parameters.
Figure 5 (left) shows an in-situ measurement setup [11] to obtain reflection impulse response
with a microphone close to a material surface, and by time windowing of the response. The
same absorption material is also measured in impedance tube and reverberation room. Fig. 5
(right) shows a case by absorption coefficient data, along with in-situ measurement using freefield and hard surface calibration references. It can be found that there is relatively much
variance in data, and in-situ results look unreliable at low frequencies (negative absorption!).

Figure 5: Left: in-situ system setup with (a) direct sound, (b) reflection (c) parasitic reflections to
be removed. Right: data from different absorption coefficient measurements, including in-situ
3
results with free-field and hard-wall references, for mineral wool (20 mm thick, 40 kg/m ).

The same material data was modeled by fitting a first-order pole-zero filter Hr(z) to the measured
reflection magnitude response, which is constrained to value 1.0 (no loss) at zero frequency:

Nonlinear optimization of parameters a and b was computed by Matlab function ’polyfit’ to yield a
least squares match. Figure 6 (left) shows the corresponding absortion coefficient, compared to
raw data from free-field calibrated in-situ measurement, and a curve by model filter fitting that is
obviously more useful at low frequencies that the raw data. For simple homogeneous absorbents this seems to work well, although there is no clear physical basis for such modeling.

2.5

Figure 6 (right) depicts results of more physical model fitting in a case where there is an air gap
between 20 mm of the same absorbent as above and a hard wall. The flow resistance vs.
acoustic impedance models by Delany-Bazley [12] and Mechel [13] were least-squares fitted to
measured impedance tube data. As can be seen, generally the models are in fairly good
agreement with measurements except at high frequencies.

Figure 6: Left: low-pass reflection filter model fitted to in-situ measurement data (same as in Fig.
5) plotted by absorption coefficient as a function of frequency. Right: Absorption by the DelanyBazley [12] and Mechel [13]) impedance models based on flow resistance parameter, compared
to impedance tube measurement data (same mineral wool as in Fig. 5 with 200 mm air gap).
SUMMARY
Nonlinear optimization techniques have been applied in this study to parametric modeling of
various acoustic systems. This is primarily based on finding discrete-time pole-zero transfer
function models using ARMA methods, except in the last case, acoustic impedance modeling
based on flow resistance parameter. Frequency-zooming ARMA modeling is shown to be a
powerful technique in dealing with highly complex room responses and fairly complex musical
instrument sounds. The estimated models can be applied also in real-time simulation and
synthesis purposes, for example in artificial reverberation or spatialization/auralization systems
for virtual acoustic reality.
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